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Abstract 

In this paper, we develop several general techniques to investigate modular invariants 
of conformal field theories whose algebras of the holomorphic and anti-holomorphic sectors 
are different. As an application, we find all such "heterotic" WZNW physical invariants 
of (horizontal) rank four: there are exactly seven of these, two of which seem to be new. 
Previously, only those of rank < 3 have been completely classified. We also find all physical 
modular invariants for su{2)ki x su{2)k2, for 22 > /ci > k2, and ki = 28, /c2 < 22, 
completing the classification of ref. [9]. 



1. Introduction 



In the study of two-dimensional conformal field theories, the partition functions play 
an important role. In particular, they could give us some insight into the general solution 
of the broader and as yet largely unsolved problem of classifying all such theories. Un- 
fortunately, only in a few special cases are these functions completely known; much work 
remains to be done. 

For a two-dimensional conformal field theory that has an operator algebra decompos- 
able into a pair of commuting holomorphic and anti-holomorphic chiral algebras, and 

and a space of states which can be written as a finite sum of irreducible representations 
(Al, Aii) of gL X gn with multiplicity Nx^^x^^, the partition functions are combinations of 
bi-products of characters xXl XXr of the form 



To classify all partition functions of a given algebra {(Jl, gn) is to find all combinations 
(1.1) such that: (PI) Z is invariant inidcr transformations of the modular group; (P2) all 
the coefficients Nx^^Xr are non-negative integers; and (P3) the vacuum exists and is non- 
degenerate, that is, A^ii = 1, with A = 1 denoting the vacuum. 

Any function Z satisfying the modular invariance condition (PI) will be called an 
invariant; if in addition it satisfies the condition that every coefficient Nx^Xr > 0, then 
it is said to be a positive invariant; and finally, if the conditions (PI), (P2) and (P3) are 
all met, then it is considered to be a physical invariant. Clearly any conformal theory 
must have at least these three properties to be physically meaningful, but often additional 
conditions are imposed. 

In the past, most authors have assumed further that the algebras and levels of the holo- 
morphic and anti-holomorphic sectors of the theory are identical {gL = gn and kL = kji); 
when it is necessary to emphasize this restriction we will use the qualitative 'non-heterotic' 
or 'symmetric In the past decade, extensive work has been done in this direction, and has 
been reported in refs. [1,2,3], among others. But classification proofs, which determine all 
the physical invariants that belong to a certain class, exist only for a few cases. Namely: at 
level one, the simple Lie algebras An \ Bn \ Cn \ Dn \ and the five exceptional algebras 
[4,5]; and, at an arbitrary level, the untwisted Kac-Moody algebra A^^"^ (see [1,6]) and the 
coset models based on it, such as the minimal unitary Virasoro models [1] and the N = 1 

minimal superconformal models [7], and, also, the algebra ^2^"* (ref. [8]). Finally, thanks 
in part to work done in this paper, the Ai + Ai classification has now been completed for 
all levels [9]. 

In the present paper we will address rather the heterotic case, where the (affine) alge- 
bras of the holomorphic and anti-holomorphic sectors of the theory are different, {g^, k^) ^ 
(dR, kfi). We will focus on the rank four case, by which we mean rank(^'i,)-|-rank(^'}j)=4. 
However our methods will be of value for higher ranks as well. 

Relatively little work has been done in this direction (one of the few recent exceptions 
is ref. [10]) although, if the heterotic string model is any indication, heterotic invariants 
could lead to phenomenologically interesting models. The heterotic invariants of rank< 3 




(1.1) 
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were found in ref. [11]: 



for (A2,i;Ai,4): Z =xii{xi + X5}* + {x2i + Xi2}X3; 
for (C2,i;^i,io) : ^=Xii{Xi + X7}*+X2i{X4 + X8}* 



(1.2a) 



+ Xl2{X5 + X11}*; 

for (G2,i; -4i,28) : Z =Xii{Xi + Xii + Xi9 + X29}* 

+ Xl2{X7 + Xl3 + Xl7 + X23}*; 



(1.26) 



(1.2c) 



for (^1,3^1,1; Ai,28) : Z ={xiXi + X4X2} • {xi + Xii + Xi9 + X29}* 

+ {X2X2 + XsXi} • {X7 + Xi3 + Xi7 + X23}*; (l-2cf) 

where the subscripts of the characters are the Dynkin labels of the highest weight+p 
(p =sum of the fundamental weights). 

The heterotic cases differ from the more familiar symmetric cases in that they are 
considerably rarer: for any algebra gj^ = and level = kn, there is at least one physical 
invariant (namely the diagonal one); however, due to severe constraints, the existence of a 
physical invariant when (^l, /cl) 7^ {9r, kn) is quite exceptional. 

Heterotic invariants can be found using conformal embeddings, though not all heterotic 
invariants can be obtained in this manner. Given any heterotic invariant, others can be 
generated using simple currents. Simple currents can also take a symmetric invariant to an 
invariant whose maximally extended left and right chiral algebras are no longer isomorphic; 
however, since simple currents do not affect the underlying affine algebra, these invariants 
are not "heterotic" in our definition of the word. 

In sect. 2 we begin by finding all solutions to the constraint that the conformal charges 
cl and be equal (mod 24). There are infinitely many solutions corresponding to ql = 
gu — Ai + Ai (we will call these the "AA-types"), but only 61 corresponding to all other 
total rank 4 algebras (which we will call the "non- AA-types" ) . They are listed in Table 1. 
We then introduce the concept of "null augments" and use it to describe a parity test. This 
test will reduce the number of non- AA-types we have to consider from 61 to 14. These 14 
are listed in Table 2. In sect. 3 we discuss the lattice method [12,11], which we use to find 
all physical heterotic invariants for some of the 14 non-AA-types. In sect. 4 another test, 
based on [2], is considered; it is used to eliminate all but one of the AA-types. In sect. 5 we 
handle all remaining types. The complete list of all heterotic rank four partition functions 
is given in sect. 6; there are precisely seven of them. The Appendix presents the results of 
a computer search (using methods developed in [13]) for the symmetric Ai + Ai physical 
invariants at levels ki ^ k2. These results are new (formerly only those for ki — /c2 were 
known), and are exploited in sect. 4. They also complete the A\ -\- Ai classification. 



In this section we give two strong tests [see eqs. (2.2) and (2.106)] which heterotic 
types must pass in order for heterotic invariants to exist. Of course, both conditions are 
automatically satisfied by symmetric types. 



2. The candidate types 
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The results of this section are summarized in Table 1. First a few remarks about our 
notation. 

By the type T of a physical invariant we mean a list of (left and right) algebras and 
levels with the left-moving [i.e. holomorphic) and the right-moving [i.e. anti-holomorphic) 
sectors separated by a semi-colon: 

^=(7l;'^) = [9Ll,kLi • • •9Ll,kLi:9Rl,kRi ■ ■ ■9Rr,kRr) 

= [{9LU kLl}, {9Rr, kRr})- (2.1) 

By a positive type we mean a type with all levels /c^j, knj > 0. By a null type we mean a 
type whose levels satisfy kLi = ■ • ■ = knr = 0. Because the character of a level zero affine 
algebra is identically equal to 1, null types do not contribute to the partition function, so 
for most purposes can be avoided. They are, however, necessary for parity calculations 
(see subsect. 2.3 below) and the lattice method (see sect. 3 below). Positive types will be 
generally denoted by T+, and null ones by . 

2.1 The central charge condition 

Most types T+ cannot be realized by a heterotic physical invariant because of a 
number of stringent conditions. The most obvious condition constraining T"*" is that the 
central charges of left-(right-)moving sectors satisfy cl = cr (mod 24), or more explicitly 

E^^-Ef^-E^-Ef^ (-od^). (2-2) 

where k'j^^ — kLi + h'^i and k'j^j = knj + /i^^ are the heights. The notation used here is 
quite standard and is explicitly described in e.g. [11]; in particular, p is the sum of the 
fundamental weights and the dual Coxeter number. 

Eq. (2.2) must be satisfied by any type that has a modular invariant satisfying 
^PL,pR 7^ 0- particular, it must be satisfied by a physical invariant of any type. In this 
subsection we find all solutions to eq. (2.2) that are of rank 4 [i.e. 4:—^nLi + Z^^-iij, 
where uli = rank[gLi),nfij = rank[giij)). Any such type will be called a candidate. 

A useful fact is the following: 
(*) Any solution y e Z to 

y=^7-, 2.3a 
a + ox 

where a = YYi^iPT prime decomposition of a, and where gcd[a,b) = 1, also 

satisfies 

^ ^ lU=iPi ^Yieie 0<bi<2ai. (2.36) 

This statement is proved simply by finding bounds for the powers of the prime divisors 
of the numerator and denominator of eq. (2.3a). 

The above rule permits (2.2) to be solved for the heights, given the algebras gLi,gRj, 
whenever only two heights are unknown. When there are more than two independent 
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heights, the strategy is to use (2.2) to bound from above aU but two of the heights, and then 
to apply (*). When this strategy is successful, only finitely many solutions to (2.2) will exist 
(for the given choice of gLiiQRj)-, and (*) will permit these to be enumerated. When this 
strategy is not successful {i.e. there remain at least three unbounded heights), there will 
be an infinite family of solutions to (2.2). For the rank 4 case we are considering here, this 
strategy is successful for all possible choices of gLi,gRj, except for one: Ql = gR = -A-i + Ai. 
In that case (2.2) becomes 

1 2 3 4 

making a slight change of notation (the '=' in (2.2) becomes an '=' in (2.4) because both 
sides lie between ±1/3). We will defer the analysis of this infinite class of candidates, 
which we call the AA-types, until sect. 4. 

We now explicitly give an example of how to solve (2.2) for a non-AA-type. Consider 
dL = C2 and gji = Ai + Ai, then eq. (2.2) becomes 

15-2/c; 1 1 ^ , 

from which we derive 3 < A;^ < 7.5. Choosing now /c^ = 7, say, gives 

k'R. = ^T^, (2-56) 

and now eq.(2.36) tells us k'^^ — 21+3* •7-' for < i, j < 2, leading to 5 different candidates, 
namely the types 40-44 in Table 1. 

The list of all non-AA-types is given in the second column of Table 1. The table also 
includes all AA-types (there is only one) which survive the cardinality test described below 
in sect. 4. 



2.2 Null augments 

As mentioned earlier in this section, null types do not contribute to the partition 
function (1.1) and so for most purposes can be ignored. However they do have two related 
applications to the classification of heterotic invariants. One is the lattice method for 
constructing invariants, discussed in the following section. The other is an extremely 
useful relation between different coefficients of any modular invariant. We shall call it the 
parity rule., and discuss it in the following subsection. For both these reasons, it will be 
convenient to define null augments. 

First, let T = (7^; Tr) be any type. Let Mli be the coroot lattice of gLi- By M{Tl) 
we mean the scaled coroot lattice 

= i^iMLi) © • • • © i^iMu). 

So M{Tl) will be a lattice of total dimension ul = Yli'^Li- Define M{Tii) by a similar 
expression. 
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Now, let T' and T" be any two types. By their augment T = T' + T" we simply 
mean the concatenation of the two types (so e.g. M{Tl) = M(T[) © M{T^)). 

Suppose we are given a positive type T"*" = {T^^Tj^) satisfying (2.2). By its null 
augment [11] we mean any null type T° = (T^; 7^) for which the augment T — T+ + 
satisfies the following two equations: 

M{Tl)^M{Tr)- (2.6a) 

'~' in (2.6a) denotes the lattice similarity relation [15], which is closely related to rational 
equivalence. Its geometrical significance here will be briefly discussed in sect. 3. Among 
other things it requires that the product \M{Tl)\ |M(Tr)| of determinants be a perfect 
square. The sums in (2.66) are defined over the whole augment T. 

There will always be infinitely many different null augments for any candidate [11], 
but which one is chosen will not affect any subsequent calculations. In Table 1 we list one 
choice for each candidate. 

The task of finding a null augment for a given candidate is not difficult. In [15] a 
calculus is developed for determining whether two lattices are similar. We will do an 
example here, verifying (2.6a) is satisfied for candidate 11 of Table 1. 

Here, Tl = (A2,3C2,oAi,o) and T^? = (^1,2^1,10^3,0), so M{rL) = {V6A2)®{V6Z^)® 
(a/4Z) and M(Th) = {V8Z)®{V2AZ)®{V^As) . We wiU use the convenient abbreviation 
{mi, . . . , m^} for the orthogonal lattice {^/mlZ)Q)■ ■ -©(y^m^Z). Since A2 ~ {3, 3, 3, 1, 1, 1} 
and As ~ {1, 1, 1}, we get ^6^2 ~ {18, 18, 18, 6, 6, 6} ~ {3} and ^/4A3 ~ {4, 4, 4} ~ {1}, 
using the ~-calculus. Also, {6,6,4} ~ {3,3} and {8,24} ~ {3,3,3}, so we get M{rL) 
{3,3,3} ~ M(rfl), and thus (2.6a) holds. 

One thing should be mentioned. Any number of copies of the null type (^1,0) can 
be added to either side of a null augment, producing another null augment. The only 
relevant change is to the dimensions nL,nii. In particular, for some purposes it will be 
most convenient (see sect. 3) to choose the null augment so that T satisfies 

riL = nn (mod 8), (2.7a) 

while for other purposes it will be most convenient (see subsect. 2.3) to choose the null 
augment so that T satisfies 

riL = riR (mod 2). (2.76) 

The choices in Table 1 all satisfy (2.76). In some cases this was accomplished by including 
a copy of Ai,o. 

2.3 The parity rule 

In the classification of non-heterotic physical invariants, one of the most powerful 
tools is the parity rule [5,16,8]. In this subsection we will obtain its heterotic counterpart. 
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and use it to formulate a strong condition a type must satisfy if it is to be realized by a 
heterotic physical invariant. 

First we need a few remarks about the weights and Weyl group of affine algebras. Let 
g be any finite dimensional Lie algebra, let M denote its coroot lattice, and choose any 
non-negative level k. The set of all weights of g is just the dual lattice M* . Define the sets 
P+{g, k + hy) and P++{g, k + h^) by 

n 

P+{g, k + h"^) ={A e M* I Ai > 0, o^^Xi <k + h"^}, (2.8a) 

i=l 

n 

P++{g, k + h^) ^{Xe M*\Xi>0, (^i^i <k + h^}. (2.86) 

i=l 

where n is the rank of g and the are positive integers called the colabels [17] of the 
affinization g^^\ Here and elsewhere, a weight A will be identified by its Dynkin labels 
Ai, . . . , An. More generally, define P+^{Tl^r) in the obvious way for any type T (it will 
be the cartesian product of sets in (2.86)). 

The affine Weyl group of g^^^ acts on M* as the semi-direct product of the group 
of translations by vectors in {k + h^)M, with the (finite) Weyl group of g. The affine 
Weyl orbit of any weight A intersects P-^-{g,k + h^) in exactly one weight, call it [A]. 
If [A] lies on the boundary of P_|_, define the parity e(A) = 0. Otherwise it lies in the 
interior P^ji.{g, k + h^), and there exists a unique affine Weyl transformation w such that 
[A] = w{X); in this case define the parity e(A) = det{w) — ±1. Incidentally, the task of 
finding the values of [A] and e(A) for arbitrary A, (7, k is not difficult, even for large ranks, 
and efficient algorithms exist for all algebras (see ref. [16] for A^). 

Let T be any type satisfying eqs. (2.2), (2.6) and (2.76). So T will in general include a 
null augment. Define M(T) = M(Tl)©-\/^M(Tr), an indefinite lattice of dimension nL + 
ur; X G M{T) can be written {xl', xr) in the usual way. Consider any Al G P++{Tl), Xr G 
P_i__i_(Tr). By Xl/ \/k^ we mean the scaled vector {Xli/ a/^^i, • • • , A^^/ ^/c^^), using ob- 
vious notation; similarly for Xu/^/k^. Then (Al/a/^; Xu/^/k^) G M{T)*. We call 
a positive integer L the order of [Xl^Xr) in T when, for any integer m, the vector 
{mXL/ \/k!^;mXii/ ^/W^ lies in M{T) iff L divides m. Let N be any modular invari- 
ant of type T. Then for each £ relatively prime to L, eL{£XL)eji{£Xji) ^ and 

Nx.xn = eL{£XL)eR{£XR)N[,x,]^[ex^^^. (2.9) 

Eq. (2.9) is called the parity rule for heterotic invariants. Its proof is identical to the 
proof for non- heterotic invariants, given in ref. [5], which is based on the lattice method. 
(The one difference between the lattice methods for heterotic and non-heterotic types which 
seems relevant is the presence in the heterotic case of the translate v - see the following 
section. However, by augmenting T by an even number of Ai 0, we can get (2.7a) satisfied, 
in which case v — can always be chosen; this augmenting will not affect cl^r, and will 
affect [— Il.a only in a trivial way.) For a different discussion of the heterotic parity rule, 
one not involving augments, see ref. [18]. There it is also generalized to any RCFT. 
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The parity rule has two valuable consequences. All such ([^A^Jl; [£Xr]r) form a 
family of essentially equivalent representations, so that the coefficient A^a^Aj? for just one 
representative of each family need be stored. Another important implication of (2.9) is 
that for any £ coprime to L, 

eL{£XL)eR{eXR) = -1 ^ Nx^xn = (2.10a) 

for any physical invariant N. 

The parity rule simplifies the search for physical invariants by limiting the modu- 
lar invariants we need to consider. In particular, call {Xl',Xr) a positive parity pair if 
^l{£Xl) = cr^IXr) for all I coprime to the order L. By the positive parity commutant 
we mean the subspace of the Weyl-folded commutant (the space of modular invariants) 
consisting of all invariants Z with the property that Nx^Xr only for positive parity 
pairs (Al; A^). The positive parity commutant contains all positive invariants and so is the 
only part of the Weyl-folded commutant we need to consider. It is generally significantly 
smaller than the full Weyl-folded commutant. We will need this observation to simplify 
the analysis for some of the more complicated cases. 

Now consider Xl = Pl, Xr = pR. Then if T is to be realized by a physical invariant 
N, (2.10a) and (P3) imply that 

ye coprime to L, eL{ipL) ^eR^lpR). (2.106) 

Eq. (2.106) is a strong constraint on the candidates. In Table 1 we run through all the 
candidates, and find the smallest positive £ violating (2.106) (if one exists). This £ is listed 
in the Table. 

The result is that there are precisely 14 non-AA-types which pass both conditions 
(2.2) and (2.106). Some of these have physical invariants, some do not. In the following 
sections we will consider each of these in turn. 

3. The lattice method 

In this section we will first briefiy review the extension of the Roberts- Terao- Warner 
lattice method [12] to heterotic invariants. Their method is a means of using self-dual 
lattices to generate invariants of the form (1.1). It was originally designed for symmetric 
types, but has been generalized [11] to heterotic ones using the idea of "null augments" 
discussed in subsect. 2.2. The method for symmetric types is summarized below in eq. (3.1), 
and for heterotic types in (3.26). Next, we apply it to several of the candidates, finding not 
only all physical invariants for those types, but also the entire commutant. The definitions 
of the few lattice concepts we need can be found in ref. [14] . 

The Roberts- Terao- Warner [12] lattice method is a means of using self-dual lattices 
to find modular invariants of the form (1.1). It was originally designed for symmetric 
invariants, but has been generalized [11] to heterotic invariants, using the idea of "null 
augments" discussed in subsect. 2.2. 

We will begin by reviewing the symmetric case. For notational convenience consider 
g = Ql = Qr simple. Let M be the coroot lattice of g. Define the indefinite lattice 
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Ao = {s/k/ M) © iV—k' M), where k' = k + h"^ is the height. Consider any even self-dual 
lattice A D Aq, of equal dimension to Aq. There will only be a finite number of these 
A. For each of them, there will only be a finite number of cosets [x] = [xl]Xii] G A/Aq. 
Choose any x — {xl', xr) G A, and put = y/k'xL, A/? = x/^xr. Then Xl,r are weights 
ofg, i.e. Xl,Xr e M*. 

The Roberts-Terao- Warner method associates to every coset [x] G A/Aq the character 
product 

e(AL)e(Afl)x[A^]X[Afl]- (3-1) 

The partition function VFZa corresponding to A consists of the sum of terms (3.1) over all 
cosets. Because A is even and self-dual, it is easy to show WZ\ will be modular invariant. 
Indeed, it has been shown [5] that these WZj^ span the commutant of g, level k. Examples 
of applications of this symmetric lattice method can be found in [12,13]. 

Unfortunately, extending this useful method to the heterotic types presents certain 
complications. Again define Aq = {y^k^ M^) © (^— /c^ Mr). In general, there will not 
exist any self-dual lattices A D Aq. The necessary and sufficient condition for that to 
happen is the similarity [15] of the left and right lattices: ^/k^ML ~ ^/k^MR. Further, 
for a self-dual indefinite lattice A to be even also, the condition (2.7a) must be satisfied as 
well. 

The way out of these complications is described in detail in [11]. We will state here 
the conclusions. First, we must augment the heterotic type we are interested in, by some 
level algebras in such a way that the resulting type satisfies (2.6). This is discussed in 
subsect. 2.2. Let the base lattice Aq be defined with respect to this augmented type. The 
level characters are all identically equal to 1, so at the end of the calculation they do 
not appear explicitly, but the null augments do aff'cct the final lattice partition function 
through the parities of their weights, and are necessary to ensure modular invariance. 

Eq. (2.6a) guarantees we will have self-dual A D Aq, though none of these may be 
even. Find a vector v e A such that 

x^ + 2x-v = (mod 2) Vx G A (3.2a) 

(there are infinitely many such v, which one we choose will only affect our final modular 
invariant by an irrelevant global sign). Then for each coset [x] G A/Aq (again there will 
only be finitely many of these), associate the character product 

i-lf eiXL)eiXR)x[x.},X[Xn]n^ (3.26) 

where now Xl = \/k^{xL + '^l), and similarly for Xr (eq. (3.26) is meaningful because 
\/k!lvL is also a weight - this follows immediately from (3.2a) and the fact that each coroot 
lattice M is even). The sum of all these terms (3.26), one for each coset, defines the lattice 
partition function WZ\. These are in fact modular invariant [11]. It is proven in [11] that 
these WZ\ again span the commutant of the desired type. So in principle this reduces the 
problem of finding all heterotic invariants of a given type to finding all self-dual A D Aq. 
Examples of the heterotic lattice method can be found in [11]. 

One remark should be made before we can proceed. Suppose (2.7a) holds. Then there 
exist self-dual A D Aq which are even. It can be shown [11] that the WZ\ associated with 
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these even A also span the commutant. Moreover, by (3.26) we can choose v = ior these 
A. We can always fine-tune the ranks, by augmenting by Ai q, so that (2.7a) is satisfied. 
In some cases this can make the whole procedure a little more efficient. 

The remainder of this section will be devoted to applying this lattice method to 
candidates 1, 2, 3, 44 and 51. The task of finding all self-dual gluings A of a given 
base lattice Aq is not very difficult, at least if Aq has a reasonably small dimension and 
determinant. The key is to exploit all the (e.f?. Weyl) symmetries present. We will discuss 
type 1 in detail, but we first summarize the results for all these types. See also Table 2. 

For type 1, we find that the commutant is spanned by the partition functions of nine 
lattices (9 = 3-3, the second '3' reflects the fact that Aut{M{B4))/W{B4) has order 
3). These partition functions are not linearly independent, and the commutant turns 
out to have dimension 3. For type 2, five lattices span the commutant, which is only 
2-dimensional. For type 3, there are 9 ■ 6 ■ 2 lattices (the factor of 2 corresponds to an 
automorphism of the lattice y/GZ"^ of the augment C2, 0(^2,0); for type 44, 6 ■ 2 lattices; and 
for type 51, 5-2 lattices. 

We will work out the type 1 case explicitly; although it is a little simpler than most 
of the others, it is complicated enough to include the features of the general case. 

The base lattice Aq for type 1 is Aq = V2ID4, where D4 is the D4 root lattice [14], 
i.e. the set of all even-normed vectors in Z"^ (no null augment is needed in this case). The 
determinant |Ao| equals 21^ • 4, more precisely Aq/Aq = Z4 x Z21, which means that we 
need an order 2 vector gi e Aq and two independent order 21 vectors ^2,^3 £ Ag; A will 
then be defined by 

1 20 20 

A = Aobi,^2,^3] U U \J{Ao + agi + bg2 + cg3}. (3.3) 

a=0 b=0 c=0 

As long as gi,g2,93 are independent, i.e. they generate (mod Aq) a group isomorphic to 
Z2 X Z21, and have integer dot products with each other, then Ao[gi, g2, 93] will be self-dual. 

There is an inaccessible number of triples gi,g2,g3 with these properties, but most 
of these yield identical partition functions WZ"^. Firstly, we are only interested in triples 
that lead to different A. Secondly, if two triples gi,g2, 93 and (7^, (72, g's give rise to self-dual 
lattices A, A' differing by a global Weyl-refiection, i.e. 3w G VF(i?4) such that w{A) = A', 
then by the Weyl-Kac character formula [17] and eq.(3.26), WZ"^ and Wz'^, will differ by 
at most a global sign. We will find it convenient to "modulo out" Aut(D4), rather than 
its subgroup W{B4), but at the end we must apply the three non-Weyl automorphisms to 
each of the triples we have obtained. 

First, let us list the possibilities (mod Aq) for gi: y/21{^, ^, ^, i), y/21{l, 0, 0, 0), and 
\/2T(^, |, |, — I) in the standard orthonormal basis for Z^ D D4. These are connected by 
the triality of D4, so (modulo Aut(£)4)) there is a unique choice for gi: we may choose 
gi = V^{1, 0, 0, 0). This will mean that both g2 and g3 will lie in 

Our task to find g2 and gs is simplified a bit by noting [14] that there is only one 
self-dual (positive definite) lattice of dimension 4, namely Z'^. So what we must find are 
4 orthonormal vectors Ui with coordinates 1 / \/2T(a, c, d) (we will drop the \/21 in the 
following). Up to signs and reorderings, there are only 2 different unit vectors: (4,2,1,0) 
and (3,2,2,2). 
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Suppose first that there is at least one unit vector in A of the first kind. Then up to 

VF(i?4) we may write Ui = (4, 2, 1, 0). Up to irrelevant sign differences, there arc precisely 
6 unit vectors orthogonal to Ui. Running through these possibilities we find there are 
only 2 different solutions: U2 — (—2, 4, 0, 1), — (0, —1, 2, 4) and — (—1, 0, 4, —2); and 
U2 = (0, —2, 4, 1), tt3 = (—2, 3, 2, —2) and U4 = (—1, 2, 0, 4). For both of these solutions we 
may choose g2 = tti, gs = ^2 and v = (i, |, |, |). 

The remaining possibility is that all four Ui are of the second kind of unit vector. In 
this case there is (mod W{B4,)) only one A, given by ui = (3, 2, 2, 2), ^2 = (—2, 3, 2, —2), 
U3 = (—2, —2,3,2) and U4 = (—2,2, —2,3). Here we may choose g2 — ui, gs — U2, and 

^= 5 5 5^ 

4. Maximal chiral extensions and heterotic invariants 

The lattice method is quite practical as long as the levels and ranks do not get too 
large. But presumably it is completely inappropriate for candidates like n = 59 in Table 
1. And it cannot be applied to an infinite family of types, like for instance the AA- types. 
In these cases, we need a more theoretical approach. One such approach is suggested by 
the work of [2] . 

The techniques discussed in this section are very powerful. However, they come with 
two caveats. The main one is that they require a complete knowledge of the physical 
invariants of the symmetric types (71; 7^) and (Tr;7r). The other is that additional 
conditions, beyond (P1)-(P3) of sect. 1, must be imposed. These conditions are discussed 
in detail in subsect. 4.1 below, and they all are physically valid, but there are reasons for 
preferring classifications with a minimum of imposed conditions. 

4.1 The cardinality test 

We will collectively call the techniques contained in this subsection the "cardinality 
test" , even though only one actually involves comparing cardinalities. 

Let C^,C^ denote the maximally extended chiral algebra [2] of respectively the holo- 
morphic, anti-holomorphic sector of the theory. Let chi, i = 1, . . . , a and chj, j = 1, . . . , 6, 
be the characters of and C^, respectively. Label these so that chi and chi correspond 
to the identities, chi, chj can be expressed as linear combinations, over the non- negative 

integers, of the affine characters X^\\x'f^^ of Tl and Tr, respectively: 

chi = ™»aX^ ^ , chj = rhj^xf'^ ■ (4- la) 

We have rriip^ = Sn and fhjp^ = 5ji. Let the S and T modular matrices for these extended 
algebras be denoted 5^^), T^^), T^^). Then 

with similar expressions for S^'^\T^'^\ 
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Finally, the partition function (1.1) of any physical theory will look like 

a 

Z = Y,chichl,, (4.2) 

for some bijection a. This means that the numbers of characters in the algebras and 
must be equal, a = b, and that 

c(e) _ c(e) rpie) _ rpie) 

for all 1 < h,i,j < a. 

So far in this paper all of our arguments have assumed only the familiar properties 
(P1-P3). Ref. [2] assumes a little more (namely duality, which is required for any theory 
to be physical). To make clear precisely which set of assumptions are being made, we will 
call an invariant physical if it obeys (P1-P3), and strongly physical if in addition it obeys 
(4.1), (4. 2) (and hence (4.3)). There are physical invariants which are not strongly physical, 
but to be physically acceptable an invariant must be strongly physical. 

These are far-reaching facts. We will use them in the following way. Suppose a given 
type T = (Tl;Tr) has a strongly physical invariant Z, i.e. maximal chiral extensions 
C^,C^ obeying (4.1), (4.2) for some bijection a. Construct the function 

a 

^L = ^|c/iip. (4.4a) 

Then from the previous comments we know that Zl is a modular invariant of type (Tj,; 7^). 
Similarly, we can construct a modular invariant Zji of type (Tr;Tr). Expanded in terms 
of afSne characters, Zl, Z^ are in block form: 

= i: I E ' 1^ = E <.'xi"xit , (4.46) 

1=1 A A, A' 

with a similar expression for Zn- Note that M^^^, > 0, and M^^J^ = 1. 

Suppose we know all strongly physical invariants of (non-heterotic) types {Tl;Tl) 
and (Tr; Tr). Then in order for there to be a strongly physical heterotic invariant of type 
(7l;Tr), there must be strongly physical invariants of types (Tl^Tl) and {Tji;Tji) with 
the same number of maximally extended characters. We will call this the cardinality test. 

For example, consider candidate n = 59: T = (^2,105; ^2,5). AH strongly physical 
invariants are known [8] for (^2,105; ^2,105): and all physical invariants are known [13] for 
(^2,5; ^2,5). In particular, there are precisely 4 strongly physical invariants for ^2,105, two 
with a = 106 • 107/2 = 5671 and two with a = 35 • 36/2 + 3 = 633. There is precisely 1 
physical invariant for 6^2,5, and it has a = (7-8/2 — 4) /2 = 12 extended characters. Thus 
there can be no strongly physical invariants of type 59. 

This analysis will allow us to handle the infinite series of AA-types: 

r = ({^1, h}, {A,, k2}; {A,, h}, {A^, k^}). 
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(4.3) 



Here, the central charge condition (2.2) becomes (2.4). Define s = k[ + p = k[k2, 
s' = k'^ + k'^ and p' = k'^k'^, then s, p uniquely specify k[,k2, up to order; in particular they 
are the 2 roots of k'^ — sk' + p = 0. (2.4) can be rewritten as 

s' = p's/p. (4.5) 

The Ai+Ai (non-heterotic) physical invariants have been classified in ref. [9], together 
with some anomolous levels worked out in ref. [13] and here in the appendix. The result is 
that there are a number of exceptional, which we will discuss later, along with the simple 
current invariants and their conjugations. Let us consider first the (maximally extended) 
chiral algebras of the simple current invariants (conjugations, being automorphisms, do 
not aff'ect the chiral algebra). There are 5 of these: cj^^ = Ai^k + Ai,e, the unextended 
chiral algebra, defined for all levels k,£; CI/ , defined for k = —i = ±1 (mod 4), is a chiral 
algebra corresponding to the simple current J = (1, 1); , defined for k = £ = or 2 
(mod 4), corresponding to J = (1, 1); C^i , defined for /c = (mod 4), corresponding to 

J = (1, 0); and finally Cl^f^ , defined for k = £ = (mod 4), corresponding to J = (1, 0) and 
J' — (0, 1). These have cardinalities given by: 

cardCg^ : {k + 1){£ + 1); (4.6a) 
e^,cg):(^±M±i); (4.6,) 



caxd eg' : ^ ; (4.6c) 

^,cS;i±±m±^, (4.e,) 

We will show that there cannot be a heterotic invariant with chiral algebras = C^"].^, 

— C^g],^, for any a, = 1, . . . , 5. These cardinalities alone suffice to handle some cases. 
For example, consider a — (3 — 1. Then the cardinality condition becomes (/ci + l)(/c2 + l) — 
{ks + l)(/c4 + 1), i.e. p — s + 1 = p' — s' + 1, which combined with (4.5) forces p = p', 
s = s', in other words the sets {kijk^} and {k^jk^} are equal. The arguments handling 
a = P = 2, a = = 3 and a = (3 = 5 are identical. 

But using cardinalities alone is too difficult in some cases. Fortunately, for all simple 
current extensions it is trivial to compute their ^'-matrix elements s[f: 

si:> = ^^s,.,., (4.7) 

where S is the S'-matrix for the underlying affine algebra, Ai is any affine weight satisfying 
TTT'iX (see (4.1a)), WJW is the number of simple currents in the theory, and Fi is the 
number of these simple currents fixing Aj. 



4 

k£ + k + £ + 8 
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From this calculation we can read off the number of solutions i to the equation S[ ( = 

Si^i (5'*^"^ here is the S'-matrix for the simple current extension C^"^): there are 4 solutions 
for ct = 1 (namely, those i with = (1, 1), (/c + 1, 1), (1, 1), and (A; + 1, 1)); there is 
only 1 solution for a = 2 (namely, = (1, 1)); there are 2 solutions for a = 3 (A^ = (1, 1) 
and Xi — {k + 1, 1)); there are 2 solutions for a = 4 (Aj = (1, 1) and Aj = (1, ^ + 1)); and 
there is only one solution for a = 5 (A^ = (1, 1)). There are some low level exceptions, due 
to fixed points, to these numbers: C22'' has 4 solutions; C^j has 4; and C^j has 3, unless 
£ = 4 in which case it has 9. These exceptions can be handled separately, e.g. by explicitly 
solving (2.4) (there are precisely 53 different hctcrotic solutions to (2.4) with k = 4). 
By (4.3), this leaves only the following possibilities: 

(i) C^=C(2),C« = C(5); 
(ii) C^=C(4),C^ = CW; 

(iii) = c(3), c^ = c(4). 

Consider possibility (ii) (the arguments for (i) and (iii) are similar). We may assume 

/ci,/c3 > 4. The second smallest value of sl'^j will be realized hy i = z', where A^/ = 
(1,2) (unless £ = 1, or sometimes when k = 8). Then for ^2,^4 > 1 and ki,k^ > 

8, dividing S^^}, = S^^l by S^^} = ^J^], and using (4.7), gives sin(27r/A;^)/ sin(7r/A;^) = 
sin(27r/A;4)/ sin(7r//c4), i.e. = k'^\ (2.4) then forces (/ci, /C2) = (^3, k^). If however /c2 = 1; 
then (2.4) can be solved explicitly: there are precisely 9 heterotic solutions; of these, only 
one satisfies the congruences /ci = ^3 = (mod 4), and that one fails the cardinality test 
(4.6). /ci = 8 succumbs to a similar argument (there are precisely 110 solutions to (2.4) 
with /c = 8). 

Thus there can be no (strongly) physical invariants whose extended chiral algebras 
are both simple current extensions. This leaves the exceptional extensions. The greatest 
source of these involves the £^10 or £^28 exceptionals [1] of Ai (we can avoid £^15 because 
it corresponds to a simple current extension). It is not difficult, using eqs. (2.3), to run 
through on a computer all solutions to (2.4) with ki = 10 or /c2 = 28 (there are 183 
and 676 different heterotic solutions for these, respectively), and then explicitly check the 
cardinality test for each solution (the cardinality of the £^10 extension is 3, and that of £28 
is 2; when ki = 10 and A;2 = 2 (mod 4) there is another cardinality, namely (3A;2 + 10)/4 
corresponding to (£^10 ® vA^a) -^'"10,^2 ('^i'^2), which also must be considered). In this way, 
we find that there is only one AA-type made up of any combination of £^10, £^28 and the 
simple currents that passes the cardinality test. It is candidate 62 in Table 1. 

The remaining (non-heterotic) exceptionals for Ai +Ai (see [13,19] and the appendix 
below) occur at levels {ki,k2) = (4,4), (6,6), (8,8), (10,10), (2,10), (3,8), (3,28) and (8,28). 
We do not have to consider the (4,4), (8,8), (2,10) or (3,28) exceptionals since they cor- 
respond to automorphisms of chiral algebras already considered. The cardinalities of the 
remaining exceptional chiral algebras can be read off, and are: 3, 4, 4, 2 respectively. It is 
an easy task to find the solutions to (2.4) for each of these levels, and to explicitly compare 
cardinalities. None of these pass the cardinality test. 

4.2 Heterotic vrs symmetric automorphisms 

Eqs. (4.1), (4.2), and (4.3) can have more to say, even when the candidate passes 
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the cardinality test. In particular, suppose we have found a heterotic invariant (4.2), 
corresponding to chiral extensions of and of Tr. Then by (4.3) the modular 
properties of and are completely equivalent - the bijection a makes this equivalence 
explicit. 

Let us now ask the question: how many other heterotic invariants are there with the 
given chiral extensions? In other words, how many other bijections a' can we find? The 
answer is completely known, if we know all (non-heterotic) strongly physical invariants of 
Tl, say. Let Zi, . . . , Z„ be those physical invariants of Tl with (maximal) LHS and RHS 
chiral algebra . Each of them is given by a bijection Uj, mapping the characters of to 
themselves {e.g. one of these bijections, the one corresponding to the physical invariant 
of (4.4a), will be the identity). Then there will be precisely n heterotic invariants with 
chiral algebras and C^, and they will be given by the bijections ai o a. 

The only potential problem with this idea is field identification - i.e. in some cases 
different chiral characters chi ^ chj correspond via (4.1a) to identical expressions of affine 
characters. But in practice this rarely presents any complications (see the example below). 
In this way we can write down all heterotic strongly physical invariants for candidates 39, 
57 and 60. These are given in eqs. (6.1(i), (6.1/), (6.1(7). 

We will give one example here. Consider n = 39. There are conformal cmbeddings 
[20] C2,3 C -D5,i and Ai^iqAi^iq C -D5,i, so each physical invariant of {Dr^^i]D^^i) will 
yield a physical invariant of (C2,3; Ai iqAi lo). There are only two [5] physical invariants 
of [D^i^D^i), and they both correspond to the heterotic invariant given in [Q.ld). We 
know [13] all the physical invariants of 6*2,3 and ^i,io^i,iO) in particular each has only one 
corresponding to this chiral extension. 

There is field identification present here, but all the bijections map the identified fields 
to each other, so there is only one heterotic invariant. 

Incidentally, both C2,3 and Ai^iqAi^iq also have physical invariants with chiral car- 
dinalities of 10 (see eqs. (4.3j) and (4.4a) in [13]). However, there can be no bijection 
between them, and hence no corresponding heterotic invariant. One way to see this is 
(4.3), the condition T^^^ — f^f^j (see (5.1) below). 

5. The remaining candidates 

In this section we discuss two more techniques, which suffice to complete the classifi- 
cation of the rank 4 heterotic invariants. 

5.1 Explicit calculations 

For heterotic type (2.1), T-invariance becomes the selection rule 

Some candidates have small enough levels so that they can be explicitly worked out 
by hand. For this purpose the parity rule can also come in handy, simplifying the work 
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by reducing the numbers of independent variables. The idea is to first use T-invariance to 
find all possible combinations X^\^X}^^* the parity rule (2.9) can then find which of these 
terms can be ignored, and which of the remaining coefficients are independent. If this 
number is sufficiently small, S'-invariance can be done explicitly. Outer automorphisms 
{i.e. simple currents) can also be used to good efffect here. 

For example, consider candidate n = 45. T-invariance tells us the modular invariant 
will look like 

Z = axiixlxl + HiiXlxl + cXi2X*iXl + c^Xi2X2X2> (5-2a) 

where the three characters in each term correspond to (^2,1, ^1,1 and Ai 3 respectively. 
The parity rule tells us that 

a = c, h=d. (5.26) 

Thus we have only two independent variables, a and h. Note from (5.2a) that in each 
term the weight labels for Ai^i and ^1,3 are always equivalent to each other mod 2. From 

the relation N = SlNS^j^ we then get that A^A;6c = -^A;3-6,5-c) ^-c- a = d and b = c. S- 
invariance can be explicitly checked to verify that the resulting partition function is indeed 
modular invariant. 

Hence for this candidate the commutant is one-dimensional, given by the Z in (5.2a) 
with a — b — c = d, and there is exactly one physical invariant. It is listed in (6.1e). 

Similar arguments {i.e. using (5.1), the parity rule, outer automorphisms, and as a 
last resort explicit yS-matrix calculations) work for candidates 11, 12, 13 and 62. 

5.2 Projection 

Let N be any physical invariant of type (6^2,24^2, 24; 0). Then by the usual projection 
argument [21], 

Mx^ = J2 ^A.iV.M> = Yl ^A^iV^- (5.3a) 

will both be modular invariants of type (^2,24; ^^2,24)- In fact, they will be positive invari- 
ants, i.e. each M^^, M'^^ > 0, and will be nonzero because Mpp, M^^ > Npp — 1. 

In Table 1 of [13] we find that the positive parity commutant, which of necessity 
contains all positive invariants, is one-dimensional for Ql — Qr — ^2,24 (indeed, for all 
G'2,fe, 5 < /c < 31). Thus we get 

Mx^ = a5x^,, M'^^ = a'5x^ VA,// (5.36) 

for some constants a, a' > 0. Hence 

a = J2NxuN,x, a' = Y,Nl,, VA (5.4a) 

V V 
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Therefore, Nx^ ^ implies N^^ = N^,^ = 0\/i> ^ X. From (5.4a) this forces a = a' = 1, so 
each = or 1, and there is only one 1 on each row and column of N. In other words, 
there exists a permutation a of P+4_(G2,24) such that 

-/Vaa* = ^At.aA, VA,//. (5.5) 

Let us investigate now the commutation of N with T. Let (m, n) be the Dynkin labels 
of A, and {m',n') those of uA. Then T-invariance (5.1) means (A^ + ((tA)^)/28 =1/3 (mod 
2), I.e. 

+ mn + /3 + m'^ + m'n' + n''^ /3 = — (mod 28). (5-6) 

Choose A = (1,3), then (5.6) says among other things that n'^ = 2 (mod 3), which has no 
solution. 

Thus T-invariance for (5.5) cannot be satisfied, so there are no physical invariants for 
candidate 9. 



6. Conclusion 

In this paper, we have developed several general techniques for classifying heterotic 
physical invariants, and have applied them to find all such invariants of total rank 4. In 
addition, we have also determined all non-heterotic physical invariants for (^i,fci + ^i,fc2) 
Ai^ki + Aim) with ki ^ k2 < 22 and ki = 28, k^ < 22; these results are given in the 
Appendix. 

The following is the list of all total rank 4 heterotic (strongly) physical invariants: 



(C4,10; -) : Z2 =Xllll + Xl, 1,11,1 + X1135 + X1I5I + X1I55 + X5113 + X5117 

+ Xl, 1,11,1 + X1371 + X1432 + X1434 + XI6II + X5251 + X5252 

+ XI6I6 + X191I + X1913 + X2162 + X2541 + X5331 + X6124 

+ X2542 + X3115 + 2X3333 + X3353 + X3413 + X7313 

+ X3415 + X4142 + X4144 + X4522 + X4523 + Xll,l,l,i; (6.1a) 

(^2,3; ^1,2^1,10) : ^11 =(xii + Xi4 + X4i){xiXi + XiX7 + X3X5 + X3Xii}* 

+ X22{xiX5 + XiXii + X3Xi + X3X7 + 2x2X4 + 2x2X8}*; (6.16) 
(^2,4; ^1,4, ^1,12) : Zi3 =xii(xi + X5)*(xi + X13)* + X22(xi + X5)*(X5 + Xg)* 

+ (Xl2 + X2l)X3X7 + (X24 + X42)X3X7 + (Xl4 + X4l)(Xl + X5)*X7 
+ (Xl3 + X3l)X3(X3 + Xll)* + X33(Xl + X5)*(X3 + Xll)* 
+ (Xl5 + X5l)X3(Xl + X13)* + (X23 + X32)X3(X5 + Xo)*! (6.1c) 
(C2,3; ^1,10^1,10) : ZsQ =(xii + X32){XlXl + XlX7 + X5X5 + X5X11 

+ X7Xi + X7X7 + XiiXs + XiiXii}* 



+ 



I A'Ai I AtAl I AilAO I AilAliJ 
(Xl4 + X3l){XlXll + XlX5 + X7X11 + X7X5 
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+ X5X7 + XsXi + XiiXi + XiiX?}* 



(G2,i; ^1,1^1,3) 
(^2,9; ^2,3) 



{C2X1 ^2,4) 




+ 2X22{X4X4 + X4X8 + X8X4 + XsXs}*; 

Xii{XiXi + X2X4}* + Xi2{xiX3 + X2X2}*; 

(Xll + Xl,10 + XlO,l + X55 + X52 + X25){Xll + X22}* 
+ 2(X33 + X36 + X63) • X13; 

(Xll + XI6 + X33 + X72){Xll + X14}* + 2(X42 + X44)X22 
+ (Xl3 + XI8 + X34 + X7l){X21 + Xis}*- 



(6.1/) 



(e.id) 

(6.1e) 



(6.1^) 



The subscript 'n' of in these equations denotes the candidate number (see Table 1); 
the subscripts on the x's denote the Dynkin labels. The invariant Z2 was first found in 
ref. [22], while Z39, Z45, Z57 and Zqq are due to conformal embeddings [20] applied to the 
diagonal invariants of (L>5,i; L>5,i), (G2,i;G2,i), (i?6,i; -E'6,1) and 1)7,1), respectively 

(Z45 can also be obtained from the rank 3 invariants (1.2c), {1.2d)). Both Zn and Z13 
seem to be new. Zn can be understood within the context of [2] as a bijection between 
the simple current chiral extension of ^2,3, and the chiral extension of 2^1,10 associated 
with the physical invariant (^2®^io) -^(2,io)(<^i<^2); as such it is intimately connected with 
the exceptional ^2,10 given in {A.6) below. However, Z13 is much harder to understand. 

Our results demonstrate the scarcity of heterotic invariants. For example, there are 
between 1 and 27 non-heterotic physical invariants corresponding to each choice (A;i,/c2) 
of level, for the algebra Ai + Ai; however, there are zero heterotic physical invariants for 
dL = gR = Ai + Ai, for any level. For total rank > 5, there will be infinitely many 
heterotic invariants (just tensor non-hctcrotic ones with rank 3 or 4 heterotics), but their 
numbers will always be very small compared to the non-heterotics of similar rank. This 
is refiected in the severity of the constraints which must be satisfied by the algebras and 
levels of heterotic physical invariants (see e.g. (2.2) and (2.106)); these constraints will be 
trivially satisfied for non-heterotic invariants. 

This work was supported in part by the Natural Sciences and Engineering Research 
Council of Canada. T.G. would like to thank the hospitality of the IHES, as well as Antoine 
Coste, A. N. Schellekens and Mark Walton for valuable communications. 
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Appendix 



In this Appendix we present the results of a computer search for the non-heterotic 
physical invariants of the algebra Ai^ki +^i,fc2 ki ^ k2 < 22 and ki = 28, /c2 < 22. We 
used a method based on the notion of even self-dual lattices developed in ref. [13] (where, 
however, the Ai + Ai physical invariants had been calculated only at levels ki = k2 < 22). 

Most of the physical invariants of this algebra belong to one of the infinite series 
of invariants, some of which are obtained as tensor products of the Ak and physical 
invariants of Ai ^ [1]. But a number of others not belonging to these series also occur at 
various levels. Together with the four exceptionals given in eqs. (4.3/)-(4.3i) of [13], and 
the conjugations of all these invariants if ki = A;2, the following list exhausts all Ai + Ai 
(non-heterotic) physical invariants, for all levels ki,k2. 

We list first the infinite series of Ai + Ai invariants. If the levels ki and /c2 are both 
even, there are 6 series; otherwise, only 2. Let pi = /ci + 2, p2 = ^2 + 2, A; = (/ci, /c2)- 
The invariants can be defined by their corresponding coefficient matrices A^ij,i'j', where 
(ij) and {i'j') are the Dynkin labels of the 2 weights and A^, with < < pi and 
< jjj' < P2- We will name the invariants using simple current notation. By Ji we mean 
the simple current (1,0), etc. 

For ki = k2 (mod 4), both odd, the 2 series are: 
(i) the diagonal (identity) invariant A^fc(O) = Ak^ ® Ak. 
(n) iVfc(Ji J2) given by 



■2 ) 



^ ^ ^'^ ' Si,p^-i>Sj,p^-j' otherwise ^ ^ 



For ki ^ k2 (mod 4), both odd, we have 

(i) the diagonal invariant Nk{0); 

(ii) the invariant Nk{JiJ2) defined by 



Nk{JiJ2)ij,i'j' {sii'Sjf +5i,p,-i'5j,p^-j' otherwise " ^^"^^ 

For ki even, k2 odd, the 2 series (these are equal if ki = 2) are 

(i) the diagonal invariant Nk{0); 

(ii) Nk{Ji) = Vk, ®Ak^. 

For fci = ^2 = 2 (mod 4), there are 6 series (3 if ki or A;2, but not both, equal 2; 2 if 
both ki = k2 = 2): 

(i) the diagonal invariant Nk{0); 

(ii) Nk{Ji) = Vk, ^Ak,; 

(iii) Nk{J2)^Ak,®Vk,; 

(iv) -/Vfe(Ji J2) defined by eq. (^.2); 

(v) Nk{Ji;J2)=Vk,<»Vk^; 
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(vi) Nk{Ji; J1J2) defined by 

( if ^ ^ J (mod 2) 

Nk{Ji;JiJ2)ij,i'j'^< Sii'5jj' + 5i^pj^-i'5j^p^-j' if i = j = l (mod 2) . (A.3) 

[ 5i^p^-i'5jj' + Sii'Sj^p^-j' if z = j = (mod 2) 

For fci = /c2 = (mod 4), the 6 series are: 

(i) the diagonal invariant Nk{0); 

(ii) A^fc(Ji) = Pfci ® 

(iii) Nk{J2) = Ak,®Vk,; 

(iv) Nk{JiJ2) defined by eq. (A.2); 

(v) iVfc(Ji; J2) =Vk,0Vk,; 

(vi) Nk{aut) defined by 

{Sii'Sjj' if i = J = 1 (mod 2) 

5 , ,5,,,, if ^ ^ i - (mod 2) _ 
if z ^ J = 1 (mod 2) ^ ^ 

Si,Pi-i'^j,P2-j' if ^ = i = (mod 2) 

For /ci = 0, /c2 = 2 (mod 4), the 6 series (3 if k2 — 2) are: 

(i) the diagonal invariant Nk{0); 

(ii) NkiJi) = Vk, ^ Ak,; 

(iii) Nk{J2) = Ak,®Vk,; 

(iv) Nk{JiJ2) defined by eq. (A.l); 

(v) A^fc(Ji; J2) =Pfc, 

(vi) the invariant Nk{J2', J1J2) defined by 

Sii'Sjj' if i = j = 1 (mod 2) 

iVfc(J2, Ji J2)^,,'y - <; s,,p,.,S,,p,_,' if ^ ^ J ^ 1 (mod 2) ' ^"^'^^ 

Si^p^-i'Sjj' if z ^ j = (mod 2) 

Besides these simple current invariants, we also obtain solutions built on the three 
Ai exceptional invariants £10, Siq-, and £28- Namely, the three isolate solutions £10 ® £\q., 
£'io®£-2B^ and Eie®£2%^ and the following series for all k2: Siq® Ak.2 , £i6'^Ak2 , and £28'^Ak2 
and for even k2 > 4: £^10 ® Vk^, ® 'T^k^i ^28 ® 'T^k^i and (£10 ® Ak^) -^(io,fe2)(<^i<^2)- 

Finally, there exist sporadic exceptional invariants not of the above types, which we 
denote by They are: 

^2,10 '^^'^ I X 1,1 +Xl,7 + X3,5 + X3,llP + (Xl,5 + Xl,ll + X3,l + X3,7)(X2,4 + X2,8)* 

+ (X2,4 + X2,8)(Xl,5 + Xl,ll + X3,l + X3,7)* + 1X2,4 + X2,8|^ ; (-4.6) 

def I 

3,8 



4',8 =^ 1X1,1 + X3,5 + Xl,9|^ + 1X2,5 + X4,l + X4,9|^ + |Xl,5 + X3,3 + X3,7 



+ 1X2,3 + X4,5 +X2,7|^ ; (^-7) 
^3,28 = 1X1,1 + Xl,ll + Xl,19 + Xl,29|^ + 1X2,7 + X2,13 + X2,17 + X2,23|^ 
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+ 1X3,7 + X3,13 + X3,17 + X3,23p + 1X4,1 + X4,ll + X4,19 + X4,29p 

+ [(Xl,7 + Xl,13 + Xl,17 + Xl,23)(X3,l + X3,ll + X3,19 + X3,29)* + Cc] 

+ [(X4,7 + X4,13 + X4,17 + X4,23)(X2,1 +X2,11 +X2,19 + X2,29)*+ Cc] ; (^.8) 

^8,28 — IXl,l + Xl,ll + Xl,19 + Xl,29 + X9,l + X9,ll + X9,19 + X9,29 

+ X5,7 + X5,13 + X5,17 + X5,23p + 1X5,1 + X5,ll + X5,19 + X5,29 

+ X3,7 + X3,13 + X3,17 + X3,23 + X7,7 + X7,13 + X7,17 + X7,23p ; (-4.9) 

where the characters Xa,b are just products of the characters of A^"^: Xa,b = XaXb- 

The invariants (A. 6) and (A. 8) were aheady found in ref. [19] . The other two invariants 
have not appeared in the hterature before: the invariant (A. 7) can be obtained from the 
^1,3^1,8^1,1 C F4 1 conformal embedding, with Ai i projected out, while the other, (A. 9), 
arises from a §^1,28 C F4 1 conformal embedding. 

Together with the results given in ref. [13] for ki = k^, the above equations exhaust 
all the Ai + Ai physical invariants for fci, /c2 < 21 and ki = 28, ^2 < 21. These include all 
of the levels where the arguments of [9] break down, so this completes the Ai^ki + ^i,k2 
classification for all levels: the complete list of all physical invariants is given by the above 
invariants, along with the exceptionals (4.3/), (4.3(7), (4.3/i), (4.3i) in [13], the exceptionals 
^10 ® ^10? ^16 <8 ^16) cind ^28 ® ^28) cind the conjugations [13] of all these when ki = k2- 
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Table 1. The candidate types 



n 






e 


1 

J. 


(-64,14 








2 


((^4,10 










(i^4,36 




(C^ ■ -) 




4 


(-^4,108 




(C^ • -) 


2Q 


5 


(G^2,llG^2,206 






13 

J- «_# 




((72,12^2,108 




(- ■ Ci) 


13 


7 

I 


(G2, 14^2, 59 




(C^ ■ -) 




« 


(G2, 17^2,38 




(C^ ■ -) 

\^2 ) / 


13 




(G2, 24(^2, 24 








1 f) 


1,^2,1 ! ^l.l^l,lj 






1 1 

J. J. 


1^2,3 I ^l,2^1,10j 


^-^2^1 ? ^3 J 




12 


(^2,3; ^1,4^1,4) 


(- ■ Ao) 

\ I ^2) 




13 


(^2,4 ; ^1,4^1,12) 


(Co ■ An) 




14 


(^2,5 ; ^1,5^1,40) 


(Co ■ C'^Ao\ 


1 1 

J. J. 


1 5 

-L t_/ 


(^2,5 ; ^1,6^1,22) 






16 


(^2,5; ^1,7^1,16) 


yu^j^f ^ ^3^1 J 




17 


(^2,5; ^1,8^1,13) 


yj-j^ , 1^2 ^i) 


1 1 

J. J. 


18 


(^2,5 ; ^1,10^1,10) 


i- ■ Ao\ 


7 


1 Q 


(^2,6 ; ^1,8^1,88) 


(- ■ Ao) 


7 




(^2,6 ; ^1,10^1,34) 


1 <j^2'^2^3J 




21 


(^2,6 ; ^1,16^1,16) 


i- ■ Ao) 

\ 1 ^2) 


7 


22 


(^2,7 ; ^1,14^1,238) 


\ 1 ■'^14^2^2 J 


7 


23 


(^2,7 ; ^1,16^1,88) 


\^2 ^14 5 J 


11 


24 


(^2,7 ; ^1,18^1,58) 


(C2A1 ; As) 


11 


25 


(^2,7 ; ^1,22^1,38) 


(— ; A14C2G2) 


7 


26 


(^2,7 ; ^1,28^1,28) 


{Ai ■ S3A14) 


7 


27 


(^2,8 ; ^1,32^1,1120) 


(— ; A10C2) 


13 


28 


(^2,8 ; ^1,34^1,394) 


(— ; A10CIG2) 


5 


29 


(^2,8 ; ^1,40^1,152) 


(— ; ^loC*!) 


13 


30 


(^2,8; ^1,42^1, 


13o) 


(^3^1 ; Ci) 


17 


31 


(^2,8 ; ^1,64^1,64) 


(- ; A2) 


5 



n = label; T+ = positive type; T° = null augment (level subscripts 
omitted); and £ = first number (if any) which violates p parity test. 
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Table 1 (cont.). The candidate types 



n 










(C'2,1 ; ^1,1^1,2) 


(C*2 ; G2) 




33 


\^2,2 ) ^1,2^1,10^ 


(C2 j (^2) 


7 


34 


^'-^2,2 ) ^l,4^1,4y 




7 


35 


^^-^2,3 ) ^1,5^1, 4()y/ 


\yj 2J^\ , J 


17 


36 


(C'2,3 ? ^1,6^1,22) 


(C2 ; G2) 




37 


If . ' a4 -1 ^ Al 1 1/^1 

l'-^2,3 7 ^1,7^1,16J 


(-jCsGl^i) 




38 


(C'2,3 5 ^1,8^1,13) 


y^2^^ 1 I 


7 


3Q 






40 


V"-^2,4 ! ^1,20^1, 4D()y' 


( An • Ar) 


13 

J- kJ 


41 


^^2,4 ? ^1,22^1,1doJ 


( Aq A^ ■ C!n Aa\ 




42 


(C'2,4 ; ^1,26^1,82) 


{G2 ; C'e) 




43 


^,'-^2,4 ; ^1,28^1,68J 


(Ao ■ A(,) 

\^2 1 


11 


44 


flirt A * a1 1 A fy. /\ -1 /( 1 

^,'-^2,4 ) ^1,40^1,40/ 


i— • Co) 




45 


^,'-^2,1 ) ^1,1^1,3; 


(C2 G2 ; ) 




46 


\^2,2 ? ^1,3^1,43J 


13 

J- KJ 


47 


{^2,2 j ^1,4^1,16) 


(- ■ C^) 




48 


1 f ~r . \ . X ' /-I -1 w a4 -I 1 

^-^2,2 ; ^l,7^1,7j 




7 


4Q 


^,^2,3 ) '-'2,2^ 


(Ao • -) 


7 


50 


(^2,5 ! C'2,3) 




7 

1 


51 

J- 


7/1 • ^ 

V^2,15 ; ^2,6) 


(Ao • -) 

1^2 ; ; 




52 


{A • \ 

V^2,21 ; '^2,7) 


(Co ■ Ao) 


1 1 

J. J. 


53 


(A ■ C \ 

1,^2,30 ) '-^2,8/ 


(Ao • -) 

\^2 I ) 


5 


54 


V-^2,4o ? ^2,y/ 


(Ao ■ -) 


5 


55 


(^2,75 ; C'2,10) 


{A2 ; -) 


5 


56 


(^2,165 ; C'2,11) 


{A2Al-C^) 


5 


57 


(^2,9 ; ^^2,3) 


(^3^1 ; -) 




58 


(^2,21 ; ^2,4) 


(A3A1 ; -) 


5 


59 


(^2,105 ; (^2,5) 


(A3A1 ; -) 




60 


(C'2,7 ; (^2,4) 


(A3; A2A1) 




61 


((^2,42 ; G^2,8) 


{G2C2 ; — ) 


7 


62 


(Al,4Al,4;Al,2Al,10) 


{Gl ; -) 





n = label; T+ = positive type; T° = null augment (level subscripts 
omitted); and £ = first number (if any) which violates p parity test. 
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Table 2. The Parity Test Survivors 





p 


Dim 


Method 


1 

± 


n 


Q 
o 




2 


1 


2 


Lattice ('3') 


Q 
O 


n 

u 


Q 




Q 









11 


1 


1 


Exnlirit 1 


12 





n 


Exnlirit ^5 1 


13 


1 


1 


ExDhcit f5 1) 


39 


1 




Cardinahty (4.2) 


44 





4 


Lattice (3) 


45 


1 


1 


ExpHcit (5.1) 


51 








Lattice (3) 


57 


1 




Cardinahty (4.2) 


59 







Cardinahty (4.1) 


60 


1 




Cardinahty (4.2) 


62 








Exphcit (5.1) 



n = label; P=number of physical invariants; Dim=dimension of commutant 
(if known); and Method is technique used (relevant Section in brackets). 
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